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Abstract. We investigate unbound dark matter particles in halos by tracing particle tra-
jectories in a simulation run to the far future (a = 100). We find that the traditional sum
of kinetic and potential energies is a very poor predictor of which dark matter particles
will eventually become unbound from halos. We also study the mass fraction of unbound
particles, which increases strongly towards the edges of halos, and decreases significantly at
higher redshifts. We discuss implications for dark matter detection experiments, precision
calibrations of the halo mass function, the use of baryon fractions to constrain dark energy,
and searches for intergalactic supernovae.
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1 Introduction
In an expanding cosmology, a particle’s trajectory depends not only on its initial velocity,
but also on the dynamical evolution of nearby structure. The meaning of “unbound” in this
case is both nontrivial and physically interesting. Traditionally, this word describes particles
which can escape to arbitrarily large distances from their initial host dark matter halo. We
investigate the basic demographics of unbound dark matter by tracing particle trajectories
in cosmological simulations. In addition, we also investigate traditional unbound particle
classification techniques based on kinetic energies.
While intellectual curiosity motivated this work, there are many practical implications.
For example, we find that the fractional abundance of high-energy dark matter particles
depends strongly on halo environment; e.g., the distance to the nearest larger halo. This
suggests that the velocity distribution of dark matter depends on halo environment, which is
important for dark matter direct detection experiments [1–14]. We therefore test the expected
effect from Andromeda on the Milky Way’s dark matter velocity distribution directly.
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Dark matter particle trajectories also have an effect on the baryon fraction in halos.
When a high-energy dark matter particle leaves the virial radius, the virial mass of the halo
is lowered. The hot halo gas will expand adiabatically in the reduced potential, nominally
leaving the hot gas fraction unchanged. However, the centrally-concentrated stars will not be
able to expand, meaning that the overall baryon fraction will increase. This effect will result
in a redshift- and halo-mass-dependent baryon fraction. Of course, the true picture is made
more complicated by a number of effects, including angular momentum exchange, gas cooling,
and galaxy feedback. Nonetheless, it is possible to make a straightforward estimate of its
magnitude. In the future, constraining this effect may be important for surveys which aim to
place precision constraints on cosmology (e.g., BOSS, DES, BigBOSS, Pan-STARRS, eRosita,
Herschel, Planck, JWST, and LSST; [15–23]). In order to fully realize their statistical power,
these surveys depend on precision calibrations of the halo mass function to 1% or better
accuracy [24, 25].
Observations of intergalactic supernovae [26–28] relate to unbound particles, especially
observations of supernovae traveling at high speeds [29] and hostless gamma-ray bursts
(GRBs) [30]. Such escaping objects might either come from the intracluster stellar pop-
ulation [28, 31], from merging events [32, 33], or from hypervelocity stars ejected from the
central galaxy [34]. Since stars are effectively collisionless and so evolve dynamically like
dark matter particles, one can place upper limits on the fraction of supernova and GRB
progenitors ejected through merger events.
In §2, we discuss the dark matter simulations we employ as well as the halo finder and
conventions used for calculating kinetic and potential energies. We discuss unique qualitative
features of unbound particles in §3 and derive kinetic escape thresholds; we also test how well
kinetic escape thresholds can classify unbound particles in full cosmological simulations. We
present the main results for the population of unbound particles in §4 and discuss how these
results impact the science considerations above in §5. Finally, we summarize our conclusions
in §6. We use simulations with multiple cosmologies in this work, but our primary results
assume a flat, ΛCDM cosmology with main parameters Ωb = 0.04, ΩM = 0.27, ΩΛ = 0.73,
and h = 0.7. All halo masses at a ≤ 1 are defined using the virial overdensity criterion [35].
2 Methods and Conventions
2.1 Simulation
The primary simulation used is a large (1 Gpc h−1 on a side) collisionless dark matter volume
run from early redshifts (a = 0.02) to the far future (a = 100) using gadget-2 [36]. This
simulation traces 10243 particles, with a particle mass resolution of 1011M and a spline
force softening of 30 kpc h−1. This makes it ideal for particle studies from group-scale
halos (1013.6M, 400 particles) to massive clusters (1015M, 10000 particles). The initial
conditions were generated from a flat, ΛCDM cosmology (ΩM = 0.27, ΩΛ = 0.73, h = 0.7,
σ8 = 0.79, and ns = 0.95), which is similar to the WMAP7 best-fit cosmology [37]. From
this simulation, 300 snapshots were saved from a = 0.075 to a = 100, spaced at uniform
logarithmic intervals in scale factor.
We also make use of the Consuelo simulation from the Large Suite of Dark Matter
Simulations (McBride et al., in preparation).1 Consuelo covers a large volume (420 h−1 Mpc
on a side) with ∼2.7 billion particles (14003), corresponding to a particle mass resolution of
1LasDamas Project, http://lss.phy.vanderbilt.edu/lasdamas/
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2.7 × 109 M. Its large size and resolution make it ideal for more detailed particle studies
from Milky Way-sized halos (1012M, 400 particles) to the largest clusters (1015M, 400,000
particles). This simulation was also performed using gadget-2, with a spline force softening
of 8 h−1 kpc. The assumed simulation conditions were a flat, ΛCDM cosmology (ΩM = 0.25,
ΩΛ = 0.75, h = 0.7, σ8 = 0.8, and ns = 1.0); 100 snapshots were saved from a = 0.075 to
a = 1.0, also spaced at uniform logarithmic intervals in scale factor.
In a few cases where resolution tests are necessary, we make use of the Esmeralda simu-
lation, also from the LasDamas Project. This simulation was run with identical parameters
and software as the Consuelo simulation, with the exception of its box size (640 h−1 Mpc,
particle count (12503), mass resolution (1.33 × 1010 M, and spline force softening (15 h−1
kpc). For one test, we also make use of the Bolshoi simulation [38], which has much higher
resolution (20483 particles, each 1.9×108M, with force resolution of 1 h−1 kpc) but a much
smaller volume of 250 (h−1 Mpc)3. Bolshoi was run with the art code [39], and it assumed
a flat, ΛCDM cosmology similar to our main simulation (ΩM = 0.27, ΩΛ = 0.73, h = 0.7,
σ8 = 0.82, and ns = 0.96).
2.2 Halo Finding and Properties
Halo finding was performed using the rockstar algorithm, which is a phase-space temporal
(7D) halo finder designed for high consistency and accuracy of halo properties [40, 41]. The
rockstar halo finder locates peaks in the particle phase-space density distribution using
a locally adaptive phase-space metric. A seed halo is placed at the location of each peak,
and particles are assigned to the closest seed halo in phase space (see [40] for full details).
Particle potentials are computed using a tree method (see §2.3); contrary to the default
setting, we do not remove positive-energy particles for the analysis in this paper. For cases
where host/satellite halo relationships are ambiguous (such as in major mergers), rockstar
uses the host/satellite relationship at the previous snapshot if available.
In this analysis, we consider host halos only (i.e., halos whose centers are not within
the radius of more massive halos). This is because satellite halos (i.e., non-host halos) are
almost always defined as a collection of self-bound particles within a larger halo—meaning
that unbound particles are automatically excluded. Moreover, there are many reasonable
choices of satellite halo boundaries [42], which makes essential quantities like gravitational
potentials depend strongly on the halo finder used.
We also restrict our analysis in general to halos with more than 400 particles, which
have been shown to have robustly measurable properties when compared to higher-resolution
resimulations [43]. We have performed resolution tests with the Esmeralda simulation to
verify that gravitational potential calculations for 400-particle halos result in identical energy
distributions as for the equivalent 2000-particle halos in Consuelo. Halo virial masses and
virial radii are defined according to the spherical overdensity criterion of [35]; if a halo includes
satellite halos within its virial radius, those are considered to contribute towards its virial
mass.
2.3 Kinetic and Potential Energy Calculation
Calculating particle kinetic energies is straightforward (12v
2 per unit mass), where v is the
physical velocity of the particle relative to the halo bulk velocity. The calculation of potential
energies in expanding cosmologies poses normalization issues—the usual practice of setting
the potential to zero at infinity is not well-defined. The traditional method [40, 44–47] is to
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Figure 1. The evolution of the cosmological acceleration term −qH2 with scale factor, relative to
the Hubble parameter today (H20 ). Negative values imply that the Hubble flow decelerates escaping
particles; escape to infinity is impossible while this is the case (see Eq. (3.1)). Positive values of −qH2
imply that the Hubble flow accelerates escaping particles. The transition between these states occurs
at a = 0.55 for a flat cosmology with ΩM = 0.25 and H0 = 70 km s
−1 Mpc−1. In the far future,
−qH2 asymptotes to ΩΛH20 .
ignore these issues and compute particle potentials in a Newtonian metric. In this case, the
potential φ of a point mass M (i.e., the Green’s function) is
φ(r) = −GM
r
(2.1)
We discuss appropriate corrections for an expanding cosmology in later sections, but these
are straightforwardly related to the Newtonian potential. For calculating Newtonian gravi-
tational potentials, we use a modified Barnes-Hut algorithm [48], as detailed in [40].
3 Unbound Particles in an Expanding Universe
In this section, we first derive basic energy thresholds for unbound particles in an expanding
universe and discuss basic qualitative features of their behavior (§3.1; see also Appendices A
and B for more complete approaches). We next present our operational definition of unbound
particles in cosmological simulations in §3.2. Finally, we test how well kinetic energies can
predict whether particles will become unbound in cosmological simulations in §3.3.
3.1 Energy Thresholds and Qualitative Features
If one considers a point mass in an expanding cosmology, the effective acceleration ~at expe-
rienced by a nonrelativistic test particle will be [49]:
~at =
(
−GM
r2
− qH2r
)
rˆ (3.1)
where M is the value of the point mass, H is the Hubble expansion rate (a˙a−1), and q is the
deceleration parameter (−H˙H−2 − 1 = −a¨a−1H−2). Both q and H evolve with time; the
evolution of the product −qH2 for our chosen cosmology is shown in figure 1.
At early times (a < 0.55), −qH2 is negative, and it is impossible for the test particle
to escape to infinity. This is because the deceleration rate increases linearly with distance:
the farther the test particle gets, the stronger the deceleration it experiences. However, at
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later times (a > 0.55), −qH2 becomes positive, and it becomes easier and easier for the test
particle to escape.
The time-evolution of the force term in Eq. (3.1) means that energy is not conserved
until the far future, when −qH2 asymptotes to ΩΛH20 (see figure 1 and [50]). The amount of
kinetic energy loss (or gain) of the test particle until that time depends on its orbit. Because
a test particle launched at a < 0.55 can orbit the point mass several times before escaping at
a > 0.55, there is not always a single energy threshold for escape: certain orbit trajectories
will have better resonance with the Hubble force term and experience larger kinetic energy
changes than others. However, for every location and initial direction of travel for the test
particle, there is always a maximum kinetic energy threshold above which the particle is
guaranteed to be unbound.
At very late times, the expansion of the universe becomes exponential (constant H),
implying q → −1. Therefore, the product −qH2 approaches a final value of ΩΛH20 (see also
[50]), as may be seen from the evolution of H in a flat universe (H2(a) = H20 (ΩMa
−3 + ΩΛ)).
In this late-time case, it is possible to solve for the motion of the test particle analytically.2
There is an equivalence radius where the “push” of the Hubble flow balances the pull of
gravity:3
re =
3
√
GM
−qH2 , (3.2)
If the particle can travel beyond this equivalence radius, it will escape; otherwise, it will
remain bound. The minimal velocity threshold for escape on a radial path is easy to find:4
v20 >
2GM
r0
+ qH2
[
r20 − 3r2e
]
(3.3)
where r0 and v0 are the test particle’s initial radius and speed. When −qH2 > 0 at late times,
the velocity required to escape is less than in the Newtonian case (
√
2GM
r0
). Deriving the
escape threshold for non-radial paths is substantially messier as it involves a quartic equation
(see Appendix A). However, it is a fact that escape along a tangential trajectory requires more
energy than escape along a radial trajectory. Nonzero initial angular momentum (i.e., at
least a partially tangential trajectory) means that the angular momentum at the equivalence
radius will also be nonzero. Thus, it is impossible to convert all the initial kinetic energy
into potential energy as in the radial case, requiring slightly more energy to cross the escape
threshold radius re.
3.2 Defining “Unbound” Particles in Cosmological Simulations
The ability to trace particles into the far future provides a simple way to classify which
particles are “bound” or “unbound.” At late times, the exponential expansion of the universe
means that halos become widely separated [51]. They also become more spherical, meaning
2As may be seen in figure 1, this is a good approximation even at the present day; qH2 = −0.63H20 at
z = 0 and changes only by ∼ 10% in the next 3 Gyr.
3If M corresponds to the mass of a dark matter halo, re = Rh 3
√
∆h
−2q , where Rh is the halo radius, and ∆h
is the overdensity which is used to define Rh. Thus, the equivalence radius is typically 3-5 times the virial
radius for a ≥ 1.
4Due to Gauss’s law, this formula works for any spherical matter distribution contained within r0.
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that the gravity—Hubble flow equivalence radius re (Eq. (3.2)) is an excellent approximation
to halo boundaries.5
At a given redshift z, every halo in the simulation we use can be associated with a
descendant halo at late times (a = 100 in our case), defined as the halo which shares the
largest number of particles. Then, particles in a halo at redshift z can then be checked against
the descendant halo. If a particle is within re of the descendant at a = 100, it is considered
bound; otherwise, it is considered unbound.
The main remaining source of ambiguity is halo mergers: if a smaller halo will eventually
merge into a larger one, it is unclear how to classify its particles. Many high-energy particles
from the smaller halo will be captured by the larger halo even though, in isolation, they
would have readily escaped from the smaller halo. It is somewhat unappealing to call these
high-energy particles “bound,” even though they will never escape to infinity. An instanta-
neous measure of boundedness, such as total kinetic and potential energy, would provide a
way around this issue; however, as we discuss in the next section, the use of total energies
introduces more problems than it solves. For this reason, we provide in later sections separate
estimates of unbound particle fractions for halos which are the most-massive progenitors of
their descendants at a = 100.
3.3 Kinetic and Potential Energies as an Unbound Classification Technique
Particle motion in cosmological halos is more complex than for the point-mass models de-
scribed in §3.1. Some additional effects include particles scattering off of substructure, tidal
disruption of substructure, halo mass accretion, nonspherical halo mass profiles, and halo
mergers. These phenomena all result in dark matter particles exchanging energy with the
environment in nontrivial ways. Therefore, because particle kinetic energies have been used
almost exclusively in the literature (our previous papers included) to classify bound and un-
bound structure [40, 44, 46, 47, 52, 53], it is important to test the validity of this technique.
Since we can directly classify boundedness by tracing particle trajectories, it is straight-
forward to plot the energy distribution of unbound particles at z = 0. We do so for
Mvir > 10
15M halos in our main simulation (which are resolved with >10,000 particles)
at z = 0. While these halos are almost always the largest collapsed structures in their nearby
environment, we exclude the few which merge into even larger halos from this test.
As the top panels of figure 2 show, we find that no energy threshold at z = 0 is able to
accurately predict which particles will have escaped the halo by a = 100. No matter what a
particle’s kinetic energy is at z = 0, it is more likely to be bound than unbound. We have
also tested increasing the radius for particles included in the potential energy calculation to
2Rvir and 3Rvir; the identical conclusion applies.
Because we only have a single simulation run to a = 100, it is very difficult to perform
a direct resolution test of this conclusion. Instead, we perform a simpler test, which is to
check how well particle total energies (PE +KE) at z = 1 correspond to those at z = 0 for
both the Esmeralda and Consuelo simulations. In both simulations, we categorize particles
depending on whether they have KE > |PE| or KE < |PE| at z = 0. Then, we plot
the distributions of KE + PE for both sets of particles at z = 1. To avoid small particle-
number effects, we exclude halos below 1013M (780 and 3700 particles for Esmeralda and
Consuelo, respectively). As before, we only consider halos at z = 1 which are the most-
massive progenitors of halos at z = 0, so as to exclude cases where a smaller halo merges into
5As may be readily verified, using re as the halo radius at late times is identical to defining halos using a
spherical overdensity criterion of 2ΩΛ times the critical density.
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Figure 2. Top-left panel: the kinetic energy plus potential energy (KE+PE) distribution at z = 0
of all particles in Mvir > 10
15M halos which become unbound by a = 100. No energy threshold
is capable of reliably distinguishing bound from unbound particles. Top-right panel: same, except
normalized by the potential energy of a particle at the halo virial radius. Bottom panels: the
KE + PE distribution at z = 1 for particles with KE > |PE| and particles with KE < |PE| at
z = 0. As above, the left panel shows the direct KE + PE, and the right panel shows KE + PE
normalized to the potential energy of a particle at the virial radius at z = 1. Mp represents the
particle mass, which is 1011M in the simulation in the top panel, 1.33× 1010M for the Esmeralda
simulation, and 2.7× 109M for the Consuelo simulation. See text for details.
a larger one. Finally, we exclude halos which lose mass between z = 1 and z = 0, as these are
most likely experiencing tidal forces from a nearby larger halo which could influence particle
trajectories.
As shown in the bottom panels of figure 2, particle total energies are very much not
conserved between z = 1 and z = 0. This makes the previous conclusion even stronger:
particle energies at a = 0.5 are in general a poor predictor of particle energies at a = 1, let
alone at a = 100. That said, highly-bound particles at z = 1 and z = 0 do seem much more
likely to remain bound at later times, meaning that highly-bound particles such as stars are
unlikely to escape entirely from halos in mergers (see also §5.2 and §5.3).
Having done many tests over shorter time intervals (not shown), we remark that the de-
coherence of kinetic energies over time is a generic feature of dark matter particles. However,
this is not necessarily the case for high-velocity objects such as hypervelocity stars. We derive
how the standard kinetic energy threshold for escape changes when properly accounting for
the Hubble expansion as well as halo mass accretion in Appendix B. In these cases, when
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Figure 3. The left panel shows the probability distribution of unbound mass fractions in halos
at z = 0, derived from tracing particle trajectories to a = 100. This averages 2-6% for the halos in
question, with significant mass dependence. The dotted lines show the probability distribution for the
halos at z = 0 which are the most-massive progenitors (MMPs) of halos at a = 100. The right panel
shows the conditional density distribution of the unbound particle fraction as a function of radius in
massive (1014.5M < Mvir < 1015M) halos at z = 0. The red dashed line shows the limit of one
particle per radial bin; effectively, the individual halo sensitivity limit. Because the unbound fraction
as a whole passes below this limit at small radii, the median unbound fraction (blue dot-dashed line)
rapidly drops to zero from the floor effect. On the other hand, the average unbound fraction (green
double dot-dashed line) follows the trend established at higher radii down to a small fraction of the
virial radius.
the kinetic energy source is not large-scale gravitational forces, then the effect of interactions
with substructure is expected to be small (see Appendix C).
4 Properties of Unbound Particles
As discussed in the previous section, total kinetic and potential energy is a poor classifier of
unbound dark matter particles. Instead, we turn to a simulation run through the far future
(a = 100) and trace particle and halo trajectories. We present statistics of the fraction of
unbound particles in halos in §4.1, as well as the variation with respect to radius, redshift,
and halo mass. We also discuss variations in the unbound fraction with environment in §4.2.
4.1 Fractional Occurrence of Unbound Dark Matter Particles in Halos
Individual host halos can have a wide variety of unbound particle fractions at z = 0, as shown
in the left panel of figure 3. On average, about 2-6% of particles will escape to infinity over
the mass range considered (1013.6M < Mvir < 1015M), with significant mass dependence.
There is also a strong dependence on whether a halo is a most-massive progenitor (MMP)
of the descendant halo at a = 100 or not. On average, a non-MMP has an unbound fraction
2-3x larger than an MMP halo of similar mass. Indeed, we note that some halos in the top
panels of Fig. 3 can have very high unbound fractions, approaching 100%. These halos end
up being shredded into many pieces at a  1. Two out of the ∼76,000 halos in the mass
range 1013.6M < Mvir < 1014M ended up being shredded into more than 5 pieces, each no
larger than 20% of the original mass.
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Figure 4. Top-left panel: The average unbound fraction as a function of mass and radius; smaller
halos have more unbound particles. For this and other panels, limited resolution prevents calculating
unbound fractions within 50 h−1 kpc of halo centers. Top-right panel: The unbound fraction as a
function of radius and redshift for 1014−1014.5M halos. The unbound fraction drops off precipitously
at higher redshifts. Bottom-left panel: The unbound fraction for all halos as compared to halos
which are the most-massive progenitors of halos at a = 100. Most-massive progenitors have fewer
unbound particles than average; at higher masses, more halos are most-massive progenitors, so this
effect is less apparent. Bottom-right panel: The unbound fraction for all halos as compared to halos
undergoing major mergers. Halos in major mergers have surprisingly few extra unbound particles, on
average. Error bars for all panels are calculated using jackknife statistics.
The right panel in figure 3 shows the spread in unbound fractions as a function of
radius for massive halos (1014M < Mvir < 1014.5M) at z = 0. The significant scatter seen
in figure 3 remains at all radii. However, at small radii (< 0.2Rvir), the average unbound
fraction is so low that most halos will have less than a single unbound particle per radial bin.
As a consequence, the median unbound fraction across halos significantly underestimates the
overall trend at small radii. For that reason, we express radial unbound fractions in terms of
the average across all halos, which better follows the trend of unbound fractions established
at larger radii.
The average radial profile of the unbound fraction (i.e., the ratio of unbound to total
particles in radial bins) is shown in figure 4. In all cases, the unbound fraction increases
roughly linearly with radius. For an NFW [54] halo density profile, this would imply that
the physical density of unbound particles peaks at the halo center.
The top-left panel in figure 4 shows how the radial dependence of the average unbound
fraction depends on halo mass. As in the top panel of figure 3, smaller halos have larger
unbound fractions across all radii. For smaller halos in this panel, the radial dependence is
truncated at 50 h−1 kpc, as the gravitational accuracy of the simulation degrades rapidly
below that radius.
The top-right in figure 4 shows the redshift dependence of the radial unbound fraction,
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which has substantial evolution from z = 0 to higher redshifts. This trend is preserved across
all the mass ranges we consider, and matches the qualitative expectation that the deceleration
of the universe at early times makes it much harder for particles to escape (see Appendix B).
The bottom-left panel in figure 4 shows how the unbound fraction changes if only most-
massive progenitor halos are selected. As expected from figure 3, MMP halos have lower
unbound fractions at all radii, as compared to average halos of the same mass. However, this
difference is less pronounced for more massive halos, as the overall fraction of halos which
are MMPs increases with halo mass.
The bottom-right panel in figure 4 shows how the unbound fraction changes if only halos
undergoing major mergers are selected. Specifically, a halo is considered to be undergoing
a major merger if it contains a satellite halo with vmax,sat > 0.6vmax,host, where vmax is the
maximum circular velocity, corresponding approximately to an infalling mass ratio of 0.3:1.
This panel shows that, for massive halos, the presence of a major merger has very little
impact on the unbound fraction. However, for less-massive halos (e.g., 1013.5M < Mvir <
1014.0M), a major merger can increase the unbound fraction somewhat more (by 5–20%
overall). At first glance, it may appear surprising that halos undergoing major mergers do
not have substantially more unbound particles. However, the mass in an incoming major
merger gets added to that of the main host halo. Hence, while the incoming particles may
have been unbound relative to the potential of the original merging halo, they are mostly
bound relative to the combined gravitational potential of the incoming and original particles
within the virial radius. This effect is explicitly shown in §4.2.
To summarize the most important trends, the unbound fraction is a strong function
of radius. The unbound fraction on galaxy scales (within 0.05Rvir) is below 1%, whereas
it can reach 10% or more at the halo radius. Major mergers, lower halo masses, and lower
redshifts all correlate with increased unbound fractions, but these effects are comparatively
subdominant.
4.2 Environmental Dependence
There are several ways of quantifying the local environment; one common method is to use
the distance to the nearest larger halo. As shown in the top-left panel of figure 5, the unbound
fraction for 1013.6 − 1014M halos has a clear maximum when a larger halo is 5 Mpc away.
In units of the larger halo’s virial radius, this occurs between 3 and 4 Rvir (top-right panel
of figure 5). This maximum persists for more massive halos as well (not shown).
This feature has a straightforward explanation. When larger halos are much more than
3 − 4Rvir away, the Hubble flow is stronger than the influence of gravity (see Eq. (3.2));
this will accelerate away the larger halos before they have the chance to interact strongly.
When a larger halo is around 3−4Rvir away, the smaller halo is just barely within the region
which will eventually collapse onto the larger halo; hence, particles in the smaller halo can
more easily escape. Finally, when there is a larger halo very nearby to the smaller halo, then
most of the particles in the smaller halo will remain bound to the larger halo’s gravitational
potential.
This last point reinforces the main issue with our adopted definition for unbound par-
ticles. Smaller halos merging into larger ones will have most of their particles considered as
“bound” even if, in isolation, they would have escaped from the smaller halo. The bottom
panel of figure 5 shows this clearly—the fraction of high-energy (KE > |PE|) particles in
halos increases dramatically when a larger halo is nearby. That said, the source of many of
these high-energy particles is the larger halo itself, meaning that their association with the
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Figure 5. Top-left panel: The conditional probability distribution of the unbound fraction in
1013.6 − 1014M halos as a function of the distance to the nearest larger halo at z = 0. Top-right
panel: Same as top-left panel, except now in units of the larger halo’s virial radius. This shows that
the unbound fraction for smaller halos climbs steeply within 3-4Rvir of a larger halo. Bottom panel:
For comparison, the fraction of particles in halos with kinetic energies larger than the magnitude of
their potential energies (KE > |PE|).
smaller halo is just as much an issue with the spherical overdensity definition of a halo as it
is with the definition of unbound particles.
5 Discussion and Implications
The most important radius for the individual trajectory of dark matter particles is the equiv-
alence radius (Eq. (3.2)), beyond which the Hubble flow will accelerate the particle away from
the gravitational pull of the halo. At early times (a < 0.55), the deceleration of the universe
makes it impossible for particles to completely escape from halos. However, at late times,
the acceleration of the universe brings the equivalence radius from infinity down to roughly
4.5 times the virial radius. This leads to the creation of “islands” at late times (a  1),
whereby particles (and, indeed, other halos) which are not within the equivalence radius are
expanded away at rates that gravity cannot overcome (see also [50, 55]).
Perhaps surprisingly, we have shown that total kinetic and potential energy is a poor
predictor of whether particles will become unbound in cosmological simulations (§3.3). In-
stead, the only robust way of determining which particles are unbound is to test whether
they leave the equivalence radius in the far future. We have shown that the fraction of un-
bound particles defined this way is a strong function of distance to the halo center as well
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Figure 6. The velocity distribution function (VDF) for Milky Way-sized halos at the Earth radius
as a function of environment. Lines in the plot show the VDF for halos binned by the distance to
the nearest larger halo, in units of the larger halo’s virial radius. (This serves as a proxy for the tidal
force). Very little difference is seen except for halos currently merging with a larger halo. Andromeda
(∼ 3Rvir away) therefore has minimal effect on the VDF near the Earth radius.
as redshift (§4.1). The fraction of unbound particles also depends somewhat on the distance
to the nearest larger halo, although the fraction of high kinetic-energy particles has a much
stronger environmental dependence (§4.2).
We note that the total kinetic and potential energy should not fare any better as a
predictor for boundedness in satellite halos. Over the long term, this is clear because most
satellites will dissipate into their hosts—i.e., none of the particles will remain bound to each
other. Even over the short term, the total kinetic and potential energy ignores the tidal force
from the host halo, which can be significant compared to the gravitational force from the
satellite halo. That said, removing particles with positive total kinetic and potential energy
from satellite halos does represent a convenient cut in phase space for categorizing particle
membership. Many other possible cuts exist [e.g., 40, 56, 57].
In the remainder of this section, we discuss several implications of the previous results
on unbound particles. The dependence of particle kinetic energies on halo environment
suggests a possible implication for direct dark matter detection experiments, which we test
in §5.1. The radial dependence of the unbound particle fraction is interesting in connection
to the kinetic energy source for hypervelocity supernovae and GRBs, which we discuss in
§5.2. Finally, the possibility of escaping dark matter particles raising the baryon fraction in
halos is discussed in §5.3.
5.1 The Effect of Environment on Dark Matter Detection
For the Milky Way, the nearest larger halo would be associated with M31 (Andromeda), which
is approximately three virial radii away [58]. Assuming an NFW profile, the approximate
one-sigma mass range of the Milky Way is 5.4 × 1011M < Mvir < 1.4 × 1012M [59–61],
the galactocentric distance is ∼8 kpc [62], and the circular velocity at the Earth’s radius is
∼238 km/s [62]. Selecting halos in the one-sigma mass range from the Bolshoi simulation,
we calculate the velocity distribution (after correcting for the motion of the Earth) 7-9 kpc
from the halo center, and bin results by the distance to the nearest larger halo. The results
are shown in figure 5.1. While there is a significant increase in the high-energy velocity
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Figure 7. The conditional probability distribution of particles within 0.05 Rvir of halo centers at
z = 1 which escape the halo radius by z = 0, from the Consuelo simulation. This fraction is so small
that many halos do not have any particles in that radius which leave the halo; these are not shown
on the density plot, but they influence the overall averages. The fact that the average fraction is so
small suggests that large-scale gravitational forces which affect halo mass accretion and mergers are
unable to significantly accelerate much material out of halo centers. For example, if more than 1% of
supernovae are undergoing hypervelocity escape, then the source of the kinetic energy will most likely
be from the supernova progenitors, rather than from the halo potential well.
distribution at 8kpc for Milky Way-sized halos about to cross the virial radius of a larger
halo, this effect is gone when the larger halo is ≥ 2Rvir away. As such, the presence of M31
should not impact dark matter detection experiments.
5.2 Hostless Supernovae and GRBs
Stars are expected to form within a small radius of the center of halos [63], typically within
1.5-5% of Rvir. To obtain a constraint on how many stars are expected to leave due to
merging events, we can tag dark matter particles in halos within 0.05Rvir at a given redshift
and track how many leave their halos at later times. Clearly, this will result in an upper
bound on the escape fraction, since stars are in general much more bound than the nearby
dark matter.
Nonetheless, this upper bound is an interesting one. We trace particles in the Consuelo
simulation between z ∼ 1 and z = 0 to see which of them actually remain in the halo with
which they were associated at z = 1. For every progenitor halo at z = 1, we can find the
descendant halo at z = 0 which receives the largest fraction of the progenitor’s particles. The
progenitor particles which do not end up in the descendant may then be assumed to have
escaped sometime between z = 1 and z = 0.
For particles which were initially within 0.05Rvir, figure 5.2 shows that 0.5% or less
can escape the halo’s descendant completely by z = 0. In terms of hostless supernovae
and GRBs, this would imply that it is extremely difficult for central dark matter particles
to acquire enough energy to leave their hosts. Thus, depending on the host halo mass,
the fraction of stars (i.e., supernovae and GRB progenitors) which receive enough of a kick
in halo-halo mergers to leave the halo is minimal. Confirmed hostless high-energy events
above this fraction must therefore be due to progenitor-linked energy sources, rather than
long-range gravitational sources.
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Figure 8. In satellite mergers, high-energy incoming dark matter particles will tend to escape halos,
whereas the more tightly-bound stellar material will tend to remain. This will enhance the baryon
fraction over the cosmic average; this figure shows the relative increase in the baryon fraction as
a function of halo mass and redshift due to this effect. For small halos, baryonic feedback effects
(such as supernovae and stellar winds) overwhelm the importance of this effect and decrease the
baryon fraction below the cosmic average. For large halos, the effect is too small to impact current
cosmological surveys. Errors shown are jackknife uncertainties in the average across halos at a given
mass and redshift.
5.3 The Effect of Unbound Particles on the Baryon Fraction
As mentioned in the introduction, high-energy dark matter particles can freely pass through
dark matter halos, whereas more tightly-bound stars will tend to remain inside the halo (see
§3.3). This effect is one of many which will influence the baryon fraction, including galaxy
outflows, shocks, and angular momentum exchange. Indeed, galaxy outflows have a much
stronger impact than any other mechanism for lower-mass halos (Mh < 10
13M), as the
energy transfer in feedback effects can be comparable to the binding energy of the baryons.
However, in high-mass clusters (Mh > 10
14M), the binding energy is large enough that it
is very difficult for baryons to escape the halo once they are accreted.
To estimate the effects due to the different binding energies of dark matter and stars, we
evaluate a toy model on all particles in the Consuelo simulation. We assume that dark matter
particles entering a halo for the first time will be accompanied by baryons according to the
cosmic fraction fb (0.16, for the Consuelo cosmology). Some fraction f∗ of the baryons will
then be converted into stars; in this analysis, we use the results of [64], which observationally
constrain f∗ as a function of halo mass from z = 0 to z = 8. When a dark matter particle
leaves, the hot gas will undergo adiabatic expansion in the reduced potential well, expelling
a fractional mass fb(1− f∗) of baryons.6 Any stars formed will remain in the halo, resulting
in a net increase in the baryon fraction.
This model serves to put a lower limit on the baryon fraction increase from this effect.
6This fraction is valid for adiabatic simulations, in which the gas fraction is roughly independent of radius
[65]. However, this is not necessarily the case in simulations with radiative cooling; so we leave a more detailed
analysis for future work.
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The presence of cold gas will result in even more baryons staying behind when dark matter
particles leave. However, cold gas is limited to the same lower-mass halos which are strongly
influenced by galaxy outflows—a much larger uncertainty than the effect examined here.
Predictions for the relative increase in the baryon fraction as a function of halo mass
and redshift are shown in figure 8. There is a strong trend towards larger increases in the
baryon fraction for smaller halos, which is mainly due to the much stellar mass fraction in
such halos [64]. The relative change in the baryon fraction also increases at later redshifts;
this is likely related to the smaller fraction of unbound particles at high redshifts (figure 4)
as well as the increasing ease of escape at later times due to the acceleration of the universe
(figure 9).
Overall, at z = 0, the relative increase in the baryon fraction is between 0.5-4%. For
very massive halos, the effect is completely negligible, as the average stellar mass to dark
matter mass (including satellites and intracluster light) is less than 1%. Consequently, it
is unlikely that this effect will influence precision calibrations of the dark matter halo mass
function. For smaller halos, the effect seems to balance the effect of angular momentum
exchange, which would otherwise reduce the baryon fraction by ∼3% [65]; yet, as mentioned
above, galactic outflows are likely to be significantly more important for these halos.
6 Conclusions
We have studied the properties of unbound dark matter particles, defined as particles which
can travel arbitrarily far from their halo in the far future. Our main findings are as follows:
1. On average, at z = 0, 2–6% of particles in halos are unbound (i.e., can escape to infinity;
§4.1).
2. The fraction of unbound particles in halos is a very strong function of redshift, and
approximately a linear function of distance from the halo center (§4.1).
3. Total kinetic and potential energies cannot be used to predict which particles will
become unbound. Moreover, total kinetic and potential energies are strongly non-
conserved at the single-particle level in simulations. The level of non-conservation is
independent of simulation resolution (§3.3).
4. The presence of Andromeda does not impact the velocity distribution of dark matter
in the Milky Way at the galactocentric radius (§5.1).
5. Halo mergers cannot be used to explain a hostless supernovae or gamma ray burst
fraction which exceeds the order of 1% (§5.2).
6. The baryon fraction in massive (1014–1015M) halos is negligibly boosted (0.5 − 1%)
on account of dark matter particles which leave after entering the halo (§5.3).
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A The Boundedness of a Test Particle in a Spherical Potential for Arbi-
trary Trajectories
Knowing that angular momentum (rvt, where vt is tangential velocity) will be conserved, we
can write down the radial velocity vr of a particle relative to a point mass as a function of
its radius r:
vr(r) =
√
v20 + 2GM
(
1
r
− 1
r0
)
− qH2(r2 − r20)−
(r0
r
vt,0
)2
(A.1)
where v0 is the original velocity of the particle and vt,0 is the original tangential component.
Some further simplification is possible if we note that the following is a conserved quan-
tity for a test particle:
Eh = KE + PE +
1
2
qH2r2 (A.2)
Thus, we can write7
vr(r) =
√
2GM
r
− 2Eh − qH2r2 −
(r0
r
vt,0
)2
(A.3)
If the particle is unbound, then vr(r > 0) = 0 can have at most one solution at r ≤ r0; a
bound particle will have either a solution for r > r0 or, in the case of a circular orbit, r = r0
will be a solution and also a local maximum of v2r . One option for distinguishing these cases
is to search for the zeros of the following quartic equation:
− qH2r4 − 2Ehr2 + 2GMr − r20v2t,0 = 0 (A.4)
A somewhat simpler option is to search for the minimum of v2r and check to see if it is
negative; the locations of the extrema of v2r are given by:
− 2qH2r4 − 2GMr + 2r20v2t,0 = 0 (A.5)
Before solving this latter equation, recall that a particle on the threshold of boundedness
will be one where v2r just barely reaches zero; thus, the location of the minimum of v
2
r and
the location of the root will coincide at the turnaround radius. Hence, we can substitute Eq.
(A.5) into Eq. (A.4) to reduce the equation to a quadratic:
Ehr
2 +
3
2
GMr − r20v2t,0 = 0 (A.6)
7As before, this applies equally well to a spherical matter distribution which is contained within r0
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This gives a simple boundedness formula for Eh:
Eh <
−32GMr + r20v2t,0
r2
(A.7)
We use Ferrari’s method to approach the quartic in Eq. (A.5). The solution is:
r =
1
2
(
√
y +
√
−y + 2GM−qH2√y
)
(A.8)
y = 2
(
3
√
R+
K
3
√
R
)
(A.9)
R = J +
√
J2 −K3 (A.10)
J =
G2M2
16q2H4
=
r6e
16
(A.11)
K =
r20v
2
t,0
−3qH2 (A.12)
Of course, there are three more solutions to the quartic; the full solution set is
r =
1
2
(
±1√y ±2
√
−y ±1 2GM−qH2√y
)
(A.13)
where the ±1 correspond to identical signs, and the ±2 is independent. However, the solution
in Eq. (A.8) is the only one which corresponds to r = re (the equivalence radius) for radial
motion (vt,0 = 0).
These equations have been verified as correct in gravitational simulations of a particle
escaping a halo. Admittedly, they are quite inelegant, and in some cases, a simpler expression
may be desired. A useful approximation is to require that angular momentum be conserved
at the equivalence radius; this results in the following condition for vt,0 > 0:
Eh . −
3 3
√
q
2
(HGMvir)
2
3 +
1
2
r20v
2
t,0
(−qH2
GMvir
) 2
3
(A.14)
For a particle with purely tangential velocity at the virial radius of a halo, this gives the
correct bound for Eh to within about 1%.
B Kinetic Energy Thresholds in an Expanding Cosmology
As discussed in §3.3, kinetic energy thresholds are not a good proxy for determining which
dark matter particles are bound or unbound. However, it is still interesting to consider how
different the energy thresholds would be for non-dark matter particles launched from inside
halos—e.g., hypervelocity stars or galaxy outflows.
In order to define the appropriate kinetic energy cuts, we perform a series of numerical
simulations for particle trajectories in an expanding Universe. The evolution of the scale
factor with time is given by the standard equation in a flat universe:
a(t) = 3
√
Ωm
ΩΛ
sinh2
(
3
2
H0t
√
ΩΛ
)
(B.1)
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We adopt Ωm = 0.25, ΩΛ = 0.75, and H0 = 70 km s
−1 Mpc−1 for consistency with the
cosmological simulation we have used.
As mentioned at the end of §3.1, halos are always in the process of accreting matter,
so the gravitating mass affecting an escaping particle will be changing as well. For these
numerical simulations, we model halos as having spherical NFW [54] profiles with concen-
trations given by [66].8 We truncate the halo mass profile at the radius where the matter
density matches the critical density. Halo mass accretion histories are accounted for by a
slight modification to the standard formula from [67]:
Mvir(a) = M0 exp(zf(M0, a)) (B.2)
We allow the extra dependence on redshift on account of the fact that the far future mass
accretion rates are somewhat less than those predicted by the mass accretion histories in [67].
Specifically, based on the mass accretion histories to a = 100 in [55] and the mass accretion
histories for a ≤ 1 from the merger trees in [41], we adopt the following functional form for
f(M0, a):
f(M0, a) = g(a)
[
−0.122 log10
(
M0
106.47M
)
−0.328 exp
(
log10
M0
1014.24M
)]
(B.3)
g(a) =
{
1 if a ≤ 1
0.5 + 0.5
(
2
1+a
)1.3
if a > 1
(B.4)
An example of the mass accretion history (and future) for 1011 to 1014M halos at z = 0 is
shown in the top-left panel of figure 9.
With these assumptions, we can evaluate the trajectory of a particle released in a
cosmological environment as a function of initial radius, velocity, host halo mass, and redshift.
If a particle crosses the equivalence radius (Eq. (3.2)), it will escape to infinity, which provides
a straightforward test for boundedness.9
We show results from the numerical simulations in figure 9. Notably, at z = 0, the
kinetic energy thresholds are within 30% of the expected Newtonian values. However, at
high redshifts, the energy required for escape increases dramatically due to the deceleration
of the Universe. By z = 2, the kinetic energy required for escape from a 1012M halo is
already twice the Newtonian-expected value, and by z = 4, it is six times as much. This
effect is a likely explanation for the reduced fraction of unbound dark matter particles seen
at high redshifts in §4.1.
C The Effect of Substructure on Escaping Particles
Consider a host halo with mass Mhost and virial radius Rhost. In such a halo, the particle
escape velocity V will be proportional to
√
GMhost
Rhost
. An escaping particle which interacts
with a subhalo with mass Msub and radius Rsub will experience a change in velocity (∆V )
8We do not find evidence for a steeper fall-off than r−3 until ∼ 5Rvir in our simulations at z = 0.
9Note that the equivalence radius always shrinks with increasing time, eventually asymptoting to a fixed
multiple of the virial radius.
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Figure 9. Top-left panel: The mass accretion history and future for 1011, 1012, 1013, and 1014M
halos at z = 0 as given by Eqns. (B.2)-(B.4). Beyond a scale factor of a = 3, further accretion
is practically negligible. Top-right panel: the minimum kinetic energy necessary to escape for a
1012M halo as a function of redshift. The Universe decelerates at high redshifts, making it much
more difficult for particles to escape to infinity. For ease of comparison, the kinetic energies are scaled
to the initial potential energy of the particle, counting only particles within the host halo’s virial
radius. The bottom-left panel shows the minimum kinetic energy as a function of halo mass and
radius for radial particle trajectories at z = 0. Finally, the bottom-right panel shows minimum
kinetic energies for tangential trajectories, also at z = 0.
equal to the average acceleration multiplied by the crossing time. The crossing time will be
proportional to Rsub/V , which gives
∆V
V
=
|a|t
V
∝ GMsub
R2sub
· Rsub
V
· 1
V
=
Msub
Rsub
Rhost
Mhost
(C.1)
As radius is proportional to M1/3 in both cases, we conclude
∆V
V
∝
(
Msub
Mhost
)2/3
(C.2)
The largest subhalo typically found in host halos is between 1/20 and 1/15 the size of the
host halo [68]. Eq. (C.2) would suggest a ∼ 15% change (within a factor of a few) in the
velocity of the escaping particle. However, this velocity change is primarily a change in the
direction of the particle, rather than its kinetic energy.
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To see this latter point, note that if the gravitational potential of the subhalo is time-
independent, it must be energy-conserving. Thus, as long as the particle was initially far
from the subhalo, passing through the subhalo will not affect its total kinetic plus potential
energy unless the subhalo itself changes during the time that the particle is passing through
it. From this, it should be clear that the kinetic energy change will be small. However, to
be quantitative about this statement, we note that the primary causes of large changes to
the subhalo will be major mergers (rare) as well as tidal disruption. We may estimate the
tidal disruption timescale as the dynamical time of the host halo (∝
√
R3host
GMhost
). The change
in energy ∆E from the subhalo will then be proportional to the change in the potential of
the subhalo during the particle crossing time (∼ G∆MsubRsub ∝
GMsub
Rsub
· ∆ttdyn ), so we find that:
∆E
E
∝ ∆E
V 2
∝ GMsub
Rsub
· Rsub
V
·
√
GMhost
R3host
· 1
V 2
(C.3)
∝ Msub
Mhost
(C.4)
Thus, even for the largest typical subhalo, the resulting kinetic energy change is within a
factor of a few of the subhalo mass ratio (5 − 6%). This, even in combination with the
direction change (which will result in a small change in the energy threshold for escape), will
change the eventual fate (bound or unbound) of only a tiny fraction of particles.
This argument does not work for dark matter particles because the primary source of
high-energy dark matter particles in halos is incoming substructure. Hence, the substructure
crossing time used here is a severe underestimate for the relevant dark matter particles.
Nonetheless, the approach used here is reasonable for particles ejected through other means
from the central galaxy of a halo.
One last feature which is worth noting: the positive sign of the energy change in Eq.
(C.3) is always correct within the virial radius of the host. An escaping particle encountering
a satellite will experience less gravitational force on the way out than on the way in because
the satellite is becoming more tidally dispersed with time. Thus, the total acceleration will
typically be larger than the total deceleration, and the net effect of the encounter will be a
slight energy gain by the escaping particle. It is only outside the virial radius of the host
halo that the sign can become negative, because there it is possible for other halos to grow
in mass with time.
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